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Abstract. We classify all the embeddings of P n in a Grassmannian of lines 
G(l, N) such that the composition with Pliicker is given by a linear system of 
quadrics of P n . 



Introduction 

There exists a well known Hartshorne's Conjecture saying that a smooth r-dimcn- 
sional variety X C P™ is a complete intersection if n < |r. A weaker statement 
says that X C P™ is a c.i. if X has codimension 2 and n > 7 (see 5 ). According to 
a theorem of Serre, every codimension 2 smooth subvariety of P™, for 7i > 6, can be 
given as the zero locus of a section of a rank-2 vector bundle on P n . Therefore the 
weaker Hartshorne's conjecture is equivalent to prove that every rank-2 bundle on 
P™ splits if n > 7 (indeed it is conjectured to be true for every n > 5). Moreover, to 
give a rank-2 bundle £ on P™ together with an epimorphism Op„ +1 — > £ is equivalent 
to give a map from P™ to a Grassmannian G(l, N). If we tensor £ with the line 
bundle Op»(m), for a suitable m >> 0, we get that the map associated to the new 
rank-2 bundle is an embedding (see 0]). Therefore in order to prove Hartshorne's 
conjecture it is enough to consider bundles giving an embedding of P n in G(l, N). 
When det(£) = 1, there are only two embeddings of P™ in the Grassmannian 
G(l, N) such that the composition with the Pliicker embedding of G(l, N) gives rise 
to a linear space. If n > 3, the only way is to take the rank-2 bundle Op« (1) © Opr.. 
Let us consider a further step, i.e. rank-2 vector bundles £ that give an embedding 
of P™ in a Grassmannian G(1,JV) and such that det(£) = 2 (i.e. the composition 
with Pliicker corresponds to the line bundle Op™ (2)). In this paper we classify all 
such vector bundles obtaining as a corollary that if n > 4 then £ splits. 
The paper is organized as follows. In the first section we recall some definitions and 
results on embeddings in Grassmannians and on vector bundles on P". In Section 
2 we give some examples of double Veronese embeddings of P™ in G(l, TV) and we 
prove two lemmas (concerning the cases n = 1 and 2) that we will use in Section 3 
in order to prove our classification theorem. 

We would like to thank Professor Fyodor Zak for his suggestion and his helpful 
discussions on these topics and the organization of PRAGMATIC 2002 where this 
problem has been posed. 

1. Preliminaries 

Notation. Let us take an element of the Grassmannian G(1,N); throughout the 
paper we will use the following notations: 

i) a small letter I, if we refer to it as a point of G(l, N); 

ii) a capital letter L, if we consider it as a subspace of P . 

Definitions. A non-degenerate variety X C V N (i.e. not contained in a P^ -1 ) is 
said to be projective linearly normal if X is not projected from any non-degenerate 
variety contained in a bigger projective space, i.e. if h°(X, Ox (1)) = N +1. 

l 
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A non-degenerate variety X C (7(1, N) (i.e. not contained in a (7(1, iV — 1)) is said 
to be Grassmannian linearly normal if X is not projected from any non-degenerate 
variety contained in a bigger Grassmannian of lines, i.e. if h°(X, Q\x) = N + 1 
(where Q is the universal quotient bundle of (7(1, N) and Q\x denotes its restriction 
Q®O x to X). 

Let us recall some general facts about embeddings in Grassmannians of lines and 
Plucker embedding (for a detailed description see for instance |2j). 
Giving a non-degenerate map <p : X — > (7(1, N) is equivalent to giving a rank-2 
vector bundle £ and an epimorphism (j> : V <B> Ox — > £, where V is an (N + 1)- 
dimensional subspace of H°(X, £). In this situation, £ = Q\x- Moreover tp is an 
embedding if different points of X (maybe infinitely close) are mapped to different 
lines, i.e. if any subscheme of length two of X imposes at least three conditions to 
V. 

Let us consider the embedding X <—* P M , where M = (f^t 1 ) — 1, composition of 
the Plucker embedding and ip. If the vector space V is the whole H°(Jf, £), X is 
Grassmannian linearly normal and (p is given by M + 1 sections of the line bundle 
A 2 £. Note that X can be very degenerate in P M , since these sections are not 
necessarily independent, so we will always consider X contained in its linear span 
(X) = P r C P M , where r + 1 is the maximal number of independent sections of 
A 2 £. In general, X is not necessarily projective linearly normal in (X). 

Definition. Let us take a variety X C (7(1, N), image of P™ via an embedding ip, 
such that the composition <p with the Plucker embedding is a (maybe degenerate 
and not necessarily projectively linearly normal) double Veronese embedding ^(P™) 
(i.e. A 2 £ coincides with Op™ (2)). Throughout the paper we will say that X is a 
double Veronese embedding o/P™ in (7(1, AT). 

We are now going to recall some definitions and state some known results about 
vector bundles on P™ (for a detailed description see [H]). 

Let £ be a rank r bundle on P™ . According to a theorem of Grothendieck, for every 
I € (7(1, n) there is an r-tuple 

a £ {l) - (ai(0,..,« r (0)eZ r , 

with a\(l) > 0*2(1) > ■ • ■ > &r(0> such that 

r 

£ ]L = £®0 L = ®O r .(ai(l)). 

i=l 

In this way can be defined a map 

a £ : (7(1, n) -» Z r . 

Definitions. The r-tuple af(Z) is called the splitting type of £ on L. 
The bundle £ is defined to be uniform if ag is constant. 

Let us now give TT the lexicographical order, i.e. (di, . . . , a r ) < (61, ... , 6 r ) if the 
first non-zero difference bi — is positive. We put 

8l £ = inf as(l). 
The r-tuple is called the generic splitting type of £. 

A line Z £ (7(1, n) is called a jumping line if ag(Z) > ag. The set of jumping lines 
turns out to be a proper closed subset of the Grassmannian (7(1, n) (see 0). 

Theorem 1.1. Let £ be a uniform rank 2 vector bundle on P™. Then either £ 
splits, or n = 2 and £ is a twist of the tangent bundle by some line bundle. 

Proof. See 0. □ 
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Theorem 1.2. Let £ be a rank r vector bundle over P n , x £ P™ a point such that 
£\l = Opi(a)® r for each line L through x. Then £ — Opn(a)® r . 

Proof. Wc just have to apply Theorem 3. 2.1] to the bundled = £®0 P «(-a). □ 

Theorem 1.3. A vector bundle £ over P™ splits exactly when its restriction to 
some plane II C P" splits. 

Proof. See Theorem 2.3.2]. □ 

2. Examples 

Let us now give some examples of Grassmannian linearly normal double Veronese 
embeddings P" °-> G(l, N). These will be the examples appearing in the statements 
of our main results. 

Example 1. The rank-2 bundle £ = Op™ (l)©0pr> (1) gives an embedding X of P" in 
the Grassmannian G(l, 2n+l) as the family of lines joining the corresponding points 
on two disjoint P™'s. This is a double Veronese embedding, since A 2 £ = Opn(2). 

Example 2. The rank 2 bundle £ = Op- (2) © O r ™ gives an embedding X of P" in 
the Grassmannian G(1,N), with N = (™J 2 )- This is the family of ruling lines of 
a cone over the double Veronese embedding i»2(P n ) C P w_1 , with vertex a point. 
Again A 2 £ = Op™(2), and hence X is a double Veronese embedding of P n . 

Example 3. The family of the bisecant lines to a rational normal cubic is a double 
Veronese embedding of P 2 in G(l,3) (see [3]). In this case the bundle £ is a 
Steiner bundle, i.e. it is the dual of the kernel of a map 0® 4 -> £V(1)0^(1), 
corresponding to the choice of 4 general sections of the bundle 0^(1) © C P 2(1). 
From the exact sequence 

^ P 2 (-1) © V 2 (-1) 0® 4 > £ ^ 0, 

we get that h°(F 2 ,£) = 4, and hence the surface is Grassmannian linearly normal. 

Example 4. The family X of lines contained in a smooth hyperquadric Q C P 4 is 
a double Veronese embedding of P 3 in G(l,4) (see jjj). The vector bundle £ is the 
cokcrnel of a map Op3 — > J7 P 3 (2) corresponding to the choice of a general section of 
the twist of the cotangent bundle f2p3 by Op3(2). From the sequence 

s- Opa f7 p3 (2) £ ^ 0, 

and the Euler sequence of P 3 we get that /i°(P 3 , £ ) = 5 and hence X is Grassman- 
nian linearly normal in G(l,4). 

Example 5. Taking the restriction of the embedding above to a general plane in 
P 3 we get a double Veronese embedding of P 2 in G(l,4). Geometrically speaking 
it is the set of lines contained in Q and meeting a fixed line in it. It is again 
Grassmannian linearly normal by the same reason of Example 0] 

Remark 1. We recall that the variety given by the bundle Opn(l) © Op™(l) can be 
isomorphically projected from G(l, 2n + l) to G(l, to), for n+ 1 < m < 2n (see pQ). 
The variety given by Opn(2) © Op™ can be isomorphically projected from G(l, N) 
to G(l,m), for 2n + 1 < m < N — 1, since the Veronese variety ^(P") can be 
projected from P^ 1 to P™- 1 . 

Conversely, varieties of Examples 01 El and cannot be isomorphically projected to 
a smaller Grassmannian. This claim is obvious for Example 01 while for Examples 
0] and is enough to realise that through the general point of P 4 there pass a 2- 
dimcnsional family of planes intersecting Q along a degenerate conic, i.e. two lines. 
These two lines are projected to the same line, giving rise to a singularity. 
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We end the section with the classification of double Veronese embeddings of P 1 and 
P 2 respectively. This will be useful to simplify the proof of Theorem 13.11 

Lemma 1. The only Grassmannian linearly normal double Veronese embeddings 
of P 1 in a Grassmannian of lines are as in Examples^ or\^ 

Proof. Let us denote by X the image of P 1 via the double Veronese embedding 
<p : P 1 <^-> G(1,N), corresponding to the bundle £ = O v i(a) © O r i(P). Since 
tp is an embedding, we must have a, P > 0. Moreover, by definition it must be 
A 2 £ — Opi(2), which implies a + p = 2. Therefore the only two possibilities are 
either £ = O p i(1) © O p i(1) (corresponding to Example Pi or £ = (Dpi (2) © O p i 
(corresponding to Example 0). We remark that in the first case X is one of the 
ridings of a smooth quadric surface (and can be projected to G(l, 2) as the tangent 
lines to a smooth conic). In the second case X corresponds to the ruling lines of a 
cone over a smooth conic. □ 

Definitions. Given a surface S C G(1,N), in the Chow ring of G(l,N) we can 

write [S] = afi(0, 3) + 60(1, 2), where a = [S] ■ Q(N - 3, N) is the order of S and 

b = [S] ■ ft(N - 2, N - 1) is its class. 

The pair (a, b) is defined to be the bidegree of S. 

The degree of S via Pliicker embedding turns out to be a + b. 

Proposition 2.1. The only Grassmannian linearly normal double Veronese em- 
beddings o/P 2 in a Grassmannian of lines are as in Examples^\^\^ or0 

Proof. Let us denote by £ the rank-2 bundle giving the embedding of X = P 2 
in a Grassmannian of lines G(1,N), i.e. £ = Q\x, and consider its restriction 
£|£ = £®0Ltoa general line L c P 2 . We remark that £\l gives a double Veronese 
embedding of L since it is the restriction of the embedding given by £. Hence by 
LemmaHeither £i L — CV(2) © (Dpi or £\ L = 0j»i(l) © Opi(l), corresponding to 
a? = (2, 0) or (1, 1) respectively. 

If the generic splitting type &£ is (2,0), then there are no jumping lines and £ 
must be uniform. Hence, by Theorem 11.11 either £ splits, or £ is the twist by a 
line bundle of the tangent bundle. But this last possibility cannot occur, since in 
this case the line bundle h?£ would have odd degree and hence it could not give 
the double Veronese embedding of P 2 . Therefore, since £ is decomposable and 
as = (2,0), it must be £ = P 2(2) © ¥ 2. Moreover we assume X Grassmannian 
linerly normal, so we take V to be the whole H°(P 2 , £), corresponding to the double 
Veronese embedding of Example |21 for n = 2. 

If &£ = (1, 1), for a jumping line L we must have £\ L = Opi{2) © O p i, which is 
equivalent to say that L is embedded in a G(l,3) C G(1,N) as the rulings of a 
quadratic cone. Let us denote by J C G(l, 2) the closed set of jumping lines of £. 
We distinguish two different cases depending on the codimension of J. 

i) codim J > 2. In this case there are at most finitely many jumping lines 
for £ . In particular, through a general point x GF 2 there pass no jumping 
lines, which means that £\ L — C P i(l) © O p i(1) for each L through x. By 
Theorem ll.2l we get that £ = C P 2 (1) © C P 2 (1) and hence £ gives the double 
Veronese embedding of Example ^ when we consider all the sections of 
H°(P 2 ,£). 

ii) codim J = 1. For every irreducible maximal component of J C G(l,2), 
there exists a fundamental curve C C P^, i.e. a curve which is cut by all 
the lines of the surface. The points of C are the vertices of the quadratic 
cones. 

The number of fundamental points of C contained in a general line of X 
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cannot be bigger than two by the classical trisecant lemma, so there are 
just two possibilities: cither P 2 is embedded as the family of bisecant lines 
to the curve G C P , or G is a line of X contained in all the quadratic 
cones corresponding to the component of J cited above. 
In the first case, the bisecant lines passing through a general point c G G 
give rise to a quadratic cone (since they correspond to the embedding of a 
jumping line). This implies that G is contained in a P 3 and that its pro- 
jection from a general point on it is a smooth conic, and hence G must be 
a rational normal cubic of P 3 . In this way X turns out to be the Veronese 
surface of Example [21 Note that J C G(l,2) is a conic embedded as the 
family of tangent lines to a smooth conic of P 2 . This conic of P 2 is embed- 
ded in G(l, 3) as the tangent developable to the rational normal cubic G. 
If G is a line we claim that the bidegree (a, b) of the surface X must be 
(2, 2). In fact, the class b of X is the number of lines contained in a general 
hyperplane H of P N . But H contains exactly two lines, corresponding to 
the hyperplane section of the quadratic cone passing through H n R and 
hence 6 = 2. Moreover, since X is a Veronese surface, its degree is a + b = 4, 
which proves our claim. This also implies that the 3-fold X covered by the 
lines of X is either a hyperquadric Q C P 4 or a P 3 . The later case is not 
possible since there are no Veronese surfaces of bidegree (2,2) in G(l,3) 
(see 0). 

Let us see that Q is smooth. If Q is a quadric of rank 2 or 3, then it con- 
tains a family of planes. Since a = 2 through the general point of Q there 
pass just one line of X, so the lines of X on such planes move on a pencil 
through a point. These pencils are embedded as lines via Pliicker, which is 
absurd because the Veronese surface does not contain lines. 
Therefore X is the set of lines of a smooth quadric Q meeting a line con- 
tained in it, which is the Veronese surface of Example [5] We remark that 
in this case J c G(l, 2) is a pencil of lines. 

□ 

3. Classification 

In this section we classify all double Veronese embeddings X of P n in G(l, N). In 
order to do that, we first consider Grassmannian linearly normal double Veronese 
embeddings of P™. 

Theorem 3.1. Varieties of Examples QJ ^| an<i[3| are the only smooth, Grass- 
mannian linearly normal, double Veronese embeddings o/P™ in G(1,N). 

Proof. Let us denote by £ the rank-2 bundle giving the embedding of P™ in G(l, N). 
Arguing as we did in the proof of Proposition 12.11 we can say that a.g = (2,0) or 
(1, 1). Moreover, if a$ is (2,0), we can conclude as before that X is the double 
Veronese embedding of Example If ag = (1, 1), for a jumping line L we must 
have £\ L = Opi (2) © O p i . We still denote by J C G(l, n) the closed set of jumping 
lines of £ and we distinguish two cases. 

i) codim J > 2. Let us take a plane II C P" and consider the restriction 
£ ' = £ ® On- This gives an embedding of II in a Grassmannian of lines 
as a Veronese surface. Since there are at most a finite number of jumping 
lines on II, it follows from Proposition 12. II that £' splits. By Theorem 11.31 
also £ splits. We conclude that £ = 0p™(l) © Opn(l), which gives the 
double Veronese embedding of Example ^ when we consider all the sections 
ofH°(P™,£). 
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ii) codim J = 1. Let us consider the following incidence diagram: 

I 




X J, 



where we put I = {(I, m) e X x J \ I e M}. The general fiber of P2 has 
dimension 1, and hence dim/ = 2n — 2 and dimp 1 ^ 1 (/) = n — 2, for a general 
I G X. This is equivalent to say that the general line L is contained in an 
(n — 2)-dimensional family of cones whose ruling lines correspond also to 
points of X. In particular the general line L meets an (n — l)-dimensional 
family of lines of X. Therefore, either there exists one point through which 
there pass an (n — l)-dimensional family of lines, or through the general 
point of L there pass an (n — 2)-dimensional family of lines of X (with 
n > 3). 

In the first case we get that there exists a fundamental curve C C TP N such 
that through the general point c E C there pass an (n — l)-dimensional 
family of lines of X. We expect that through two general points Ci, Ox E C 
there pass an (n — 2)-dimensional family of lines, which implies n — 2 = 0. 
Therefore X = P 2 and the classification follows from Proposition ^. II 
Let us consider now the second case, i.e. through a general point of L there 
pass an (n — 2)-dimensional family of lines of X. We denote by X C P N 
the union of the lines of X and consider the incidence diagram 




where we put W = {(l,y) | y E L}. Looking at the first projection wc 
get dim(W / ) = n + 1 and, since through a general point y G X there pass 
an (n — 2)-dimensional family of lines of X, dimX = n + 1 — (n — 2) = 
3. In particular X is a 3-dimensional projective variety containing a 3- 
dimensional family of lines (if X contains a bigger family of lines then 
X = P 3 and X C G(l,3), but this is not possible since W2(P 3 ) cannot be 
embedded in P 5 ). Then either X is swept out by a 1-dimensional family 
of planes, or it is a hyperquadric of P 4 . The former is not possible since 
in this case the 3-dimensional family of lines contained in X would be a 
scroll of planes. Conversely, the later corresponds to the double Veronese 
embedding of Example 0] Note that J C G(l,3) is a hyperplane section 
of G(l, 3). Moreover, jumping lines L G J correspond to tangent spaces to 
Q, since they intersect Q along quadric cones. The rulings of the cone give 
the embedding of L. 

□ 

Remark 2. All the double Veronese embeddings we classified above are projective 
linearly normal in (X) via Plucker embedding. This is obvious for Examples 
and |3| For Example 0] see and, since Example El is the restriction to a plane of 
Example 01 it is also projective linearly normal. 

In order to complete the classification we are now going to consider double Veronese 
embeddings that can be projected to a smaller Grassmannian. In particular we 
study when the Grassmannian projection gives rise to a variety which is not pro- 
jective linearly normal in (X). In this way we also classify embeddings of P n in a 
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G(l, N) such that the composition ip with Pliicker is given by a proper subspace of 
H°(P n ,0 P „(2)). 

Proposition 3.2. If X C G(l,N) is a double Veronese embedding o/P" and if is 
not projective linearly normal, then X is a projection of the variety of Example 

Proof. By Remark ^ varieties of Examples and are the only double Veronese 
embeddings that can be isomorphically projected to a smaller Grassmannian of 
lines. In order to prove the proposition we show that when we project, only in the 
first case we can obtain a non-pro jective linearly normal variety. 
Let us take the embedding of P™ in the Grassmannian G(l,N), with N = (™J 2 ), 
given by the bundle Opr. (2) © Op™ . The image X C G(l, N) can be described as the 
family of ruling lines of a cone over the double Veronese embedding ^(P* 1 ) C H = 
P^ -1 , with vertex a point v £ H. Let us take a linear space L C H, of dimension 
k, with < k < ^" 2" ' w hich does not intersect the secant variety of ^(P™)- 
We put m = N — k — 1. The projection ttl : G(l,N) — » G(l,m), restricted to X, 
is an isomorphism. The image X' can be described as the family of ruling lines of 
a cone over the projection of U2(P n ) to p m_1 . Therefore the composition (p with 
Pliicker embedding is given by a subspace of H°(P n , Opr. (2)) of dimension m and 
X' is not projective linearly normal. 

Let us take now the embedding X of P™ in G(l,2n + 1) given by the bundle 
Op™ (1) © Op™ (1). We prove that if we project X to G(l, m), with n + 1 < m < 2n 
and we consider the composition with Pliicker embedding, we always get the map 
associated to the complete linear system of quadrics |Op«(2)|. It is enough to prove 
it for the projection to G(l, n + 1). We recall that X can be seen in G(l, 2n + 1) 
as the family of lines joining corresponding points on two disjoint P"'s. The same 
geometric description holds after projecting to G(l, n + 1), but here the two P"'s, 
say Vq and Wo, intersect in a P n_1 . Let us fix coordinates (xo ■ ■ ■ ■ ■ x n +i) for 
P" +1 and let us denote by <j> : Vq — * Wq the correspondence. By induction we 
construct the linear spaces Wi := 4»{Vi) and Vi+i := Vi D Wi, for i = 0, . . . , n. Since 
the projection is an isomorphism, we have that no line of X is contracted, and 
this implies that Vi+\ C Vi, or dim(Vi) = dim(Wj) = n — i. Changing coordinates 
we can suppose that Vq = {x n +i = 0}, Vi — {x n+ i = xq = . . . = Xi-i = 0} for 
i = 1, . . . , n and Wi — {xq = . . . = Xi = 0}. Under these assumptions X can be 
described as the family of lines spanned by the rows of the matrix 

^ ( t h ■■■ t n \ 

\ lo ■ ■ ■ l n -l In J ' 

where to, t\, . . . ,t n are homogeneous coordinates of P™ and U — a^ti + a^i+iti+i + 
. . . ai >n t n is a linear form involving only the last n — i — 1 variables. We can view <f) 
as the map from P™ to P™, sending fj to U, and hence it is represented by a lower 
triangular matrix T, whose determinant is Jl"=o ai ^- ^ e reinar k that, since 4> is 
an isomorphism, aij ^ for i = 0, . . . ,n. Let us substitute to x\ a suitable linear 
combination of x\, . . . , x n +i, in order to get to in the second place of the second 
row of the matrix above. The corresponding element on the first row is now a linear 
combination t' x of t\, . . . , t n . Let us write now l\ with respect to t'^t^, ■ ■ ■ , t n . As 
before we can send X2 to a suitable combination of x%, ... , x n+ i in order to get t[ 
in the third place of the second row of the matrix ^ an d so on. In this way we get 
a base change of P™ +1 and of Vq, since the corresponding matrices are triangular 
and the elements on the diagonal are products of some a~\ . With the new bases 
the variety X can be described by 

(t A ■■■ t' n \ 

V t • • • t' n _ x t' n J ' 
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whose minors give a basis for the space of degree 2 polynomials in to,t[, . . . ,t' n . □ 

Remark 3. In [Jj, H. Tango classified embeddings of P™ in G(l, n + 1). There are 
just 4 possibilities, namely, the star of lines, Examples 01 and 0] and the projection 
to G(l,n + 1) of Example n As a corollary of our classification we get that all 
double Veronese embeddings except the cone case of Example and the Veronese 
surface of Example [5] fit in a G(l, n + 1). 

Finally, we state the result in connection with Hartshorne's Conjecture quoted in 
the introduction. 

Corollary 3.3. Rank-2 vector bundles over¥ n giving a double Veronese embedding 
split if n > 4. 
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